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Introduction
TTT is not uncommon in finite element analyses of the non-
JLlinear behavior of bars, plates, and shells to use lower order
approximations for the additional terms in the potential energy
expression which characterize the nonlinear behavior. Use of
such mixed modes of approximation is often done on an ad hoc
basis with more of an aim toward simplifying the numerical
algorithm than for accuracy or consistency of the formulation.
In fact, before a general development of criteria for consistent
geometric stiffnesses was published,1 many of the early studies
of structural stability involved inconsistent geometric stiffness
calculations which, nevertheless, gave satisfactory estimates of
buckling loads. 2

In the present Note, we investigate the effect of such a mixed
formulation for a model problem of large transverse deflection
of an elastic beam. We are able to show precisely when such
mixed approximations can and cannot work for a representative
class of problems. Moreover, we develop specific error estimates
that enable us to state precisely the degree of accuracy lost (or
gained) in such models, and the price one pays in accuracy for
a gain in computational convenience. Indeed, we show that often
the price is rather small.

Statement of the Model Problem
Consider a thin, homogeneous, simply supported, linearly

elastic beam of cross- sectional area A and flexural rigidity El
under the action of compressive forces P < Pcr and transverse
forces q(x). If u(x) and v(x) are the longitudinal and transverse
components of displacement of particle on the beam's axis, if the
effects of finite rotations are retained in the strain displacement
relations, and if the Kirchhoff-Love (i.e., the Bernoulli)
hypothesis is invoked, it is well-known that the total potential
energy of the structure is

1 f L

n(u,v) = -
2 Jo

EA )
—— v'4-2qv\dx
4 J

Pu\L
0 (1)

Now we wish to use Eq. (1) to construct a finite element
model of nonlinear behavior of the beam. We consider a beam
segment of length h, between nodes 1 and 2 (say), and we
introduce local approximations of the form

wherein
ur = (u1,u2); vr = \_v1,(dv/dx)1, v2, (dv/dx)2\

; t = x/h (3)

Clearly, the \l/t(x) are Lagrange interpolation polynomials and
(f)j(x) are Hermite interpolation polynomials (our results are not
restricted to these choices of functions).
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Now, instead of introducing Eq. (2) directly into Eq. (1) to
obtain the energy for the element, one might use the linear
interpolation functions ij/(x) to approximate terms in Eq. (1)
involving v'(x); e.g., for v'(x) assume, instead of Eq. (2b)

v(x) « i7(x) = = [>i,0,iA2,0]v EE f ( x ) v (4)

This leads to the approximate energy functional for the element
1 fc

7ce(u, v) = --
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and minimization of Eq. (5) leads to the following system of local
nonlinear equilibrium equations

v3) = fv (6a)
f« (6b)

where
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The question is, of course, whether or not such an approxi-

mation will work and, if so, what effect will it have on the
quality of the approximation? We shall answer this question
by developing estimates of the error induced in the energy
functional TC by such approximations, assuming its second
variation remains positive definite for the loading cases con-
sidered. We will also find it necessary to use certain inter-
polation results. Suppose f(x) has derivatives of order /c+1
which are square integrable on the interval [0, L] and let F(x) be
a finite element interpolation function of f(x) which coincides
with f(x) and derivatives of order m ̂  k at the node points.
Suppose F(x) contains complete polynomials of order /c. Then
the following interpolation error estimate holds3'4

dm c rM

dx™^~ Lq(0,L)

dx TTlf (7)
Lq(0,L)

where K is independent of h and 2 :g q ^ oo. This inequality
shall prove to be important in establishing convergence of the
method or lack of it.

The Constrained Problem
It is not difficult to show that the procedure described above

amounts to a finite element approximation of an entirely different
functional than that stated in Eq. (1) for the original problem.
Indeed, by replacing v' by r\' in Eq. (4) and requiring that
rj(Xi) = v(xt), i = 1, 2, we have made it necessary to consider the
new energy functional

n(u, v, EIv"2 + EAu'2 EA
+ —— rjf4 - 2qv +

4

(8)

Here A is a Lagrange multiplier associated with the constraint
condition, Y\ — v = 0.
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For the_ approximate solution, we set v = 0v, u = i//u,
q = il/q = j/\, and A = y(x)A. Then, 71(11, v,i/, A) assumes a
stationary value for each finite element when the following local
equations are satisfied:

fJo

EA

EA
— i

2

(9a)

(9b)

(9c)

(9d)

Comparing Eqs. (9) and (6), we see that the latter can be
obtained from Eq. (9) only by approximately satisfying the local
constraint condition (9d). Since i//(x) and 0(x) are known in terms
of h via Eq. (3), we can calculate immediately

0(h2)'
0(h2)

(10)

assuming y(x) — [1,1]. Hence, introduction of Eq. (10) into
Eq. (9) yields Eq. (6) plus terms of order h2. However, this
process only serves to interpret Eq. (6); it still remains to be
shown that Eq. (6) is an acceptable approximation.

Convergence
Let u*, v*, rj*, and A* be the exact functions providing a

stationary value of n(u, v, r\, A), let U*, V*, and H* be the finite
element solution, and let 17, V, and H be finite element inter-
polations. Let u, v, r], and A be arbitrary values of the indicated
variables. Then a simple calculation leads to the relation

EA
—— (w'-w*')2 +2

2 - (P/2W - v*')2 + (EA/2)ri*'2(ri' - f,*')2 +
EArj*'(ri' - q*') (uf - u*'} + (EA/2) (uf - u*') (rjf - >/*')2 +

- ri*')3 + (EA/S) (rf - iy*')4 + (A - A*) (v-v*)-

(11)

Among possible displacement fields the deformed beam can
assume are those for which the terms appearing in the preceding
integral are positive. This being the case, we can assert that

s\ ^ \7i(U, V, H, A*)- TT(W*, v*, n*, A*)| (12)
where e is the error in energy

e = n(U*, F*, H* A*)- TC(W*, v*, ?y*f A*) (13)
Assuming that the slope is bounded (i.e. |j/*'| < M0 < oo), we
can use the mean value theorem, and the Schwarz's inequality,
to extract from Eqs. (11) and (12) the following inequality:
|e| g (EA/2) || U'- «*'||i2(0>

L2(0,L) ~

L2(o,L)

Introducing Eq. (7) with k = 1 for approximations of u and r\,
k = 3 for those of v we obtain

EAM0K5h2 + (EA/2)K6h5/2 + (£^/2)M0K7/i5/2 + (EA/8)K 8h3

(15)
where in Eq. (15), Klf...,K8 are constants independent of h.
Clearly as h -> 0, lei -> 0.

Conclusions

When nonlinear effects are large, the constants Kt, i ̂  3,
appearing in Eq. (15) may be on the order of those obtained in
error estimates for the linearized problem. Clearly, the use of
cruder approximations for rf(x) governs the rate-of-convergence
of the model. Had cubic approximations been used throughout,
we would have obtained |e| = O(/i4) for h sufficiently small; for
the mixed problem, e = O(h2). However, this still may be an
acceptable rate of convergence, particularly if "mildly nonlinear"
behavior is evident.

We remark that the use of simpler functions for such terms
may well be justified in more complicated problems like plate and
shell bending problems. In a typical nonlinear analysis where
usually an iterative or a step by step method may be required
to solve Eqs. (6a) and (6b), the terms Q1? Q2, and Q3 due to
nonlinear effects need be calculated several times, so their cal-
culations take major part of the solution effort. Simpler functions
may avoid numerical integration of these terms and this may
result with significant savings in computational efforts. However,
a larger number of elements is required in an inconsistent model
to obtain comparable accuracy.
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A Graphical Method for the
Investigation of Shock Interference

Phenomena
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ANUMBER of recent studies of shock interference have
been directed toward correlation and interpretation of local

flow phenomena with special emphasis on the prediction of
local heating rates.1 Although the pressure-deflection-shock
polar method of determining simple shock interference flow-
fields has been in hand many years,2'3 the method is unwieldy
and has never found wide acceptance as a design tool. Edney
demonstrated its application to several relatively complex inter-
ference patterns4 but his more recent work as well as that of
others relies on machine programs which require access to
sophisticated computers and are used successfully only after
extensive experience by the operator.5'6 Although the shock
polar method lacks the arithmetic precision of the computer,
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